1.
Let N be a positive integer number. Define where | A | denotes the cardinality of A . In [1] , Erdös and Turan conjectured that any set of positive density contains an arithmetic progression of a given length. In other words, they assumed that, for any k ≥ 3 ,
(1)
In the simplest case k = 3, conjecture (1) was proved in [2] by Roth, who used the Hardy-Littlewood method to show that a 3 ( N ) Ӷ . At present, the best upper bound for a 3 ( N ) is due to Bourgain [3] , who proved that
For an arbitrary k , conjecture (1) was proved by Szemeredi in 1975 [4] . However, Szemeredi's proof is based on difficult combinatorial arguments. An alternative proof was proposed by Furstenberg in [9] . His approach uses the methods of ergodic theory.
Unfortunately, Szemeredi's methods give very approximate upper bounds for a k ( N ) , while the ergodic approach yields no bounds at all. Only in 2001 did Gowers [5] obtain a quantitative result on the rate at which a k ( N ) approaches zero for k ≥ 4 . Specifically, he proved the following result. 
In this paper, we solve the following problem. Consider the two-dimensional lattice [1, N ] 2 with the base {(1, 0), (0, 1)}. Let
Triples from (3) will be referred to as corners. In [6, 9] , it was proved that L ( N ) tends to 0 as N approaches infinity. Gowers (see [5] ) then asked what the rate of convergence of L ( N ) to 0 is.
The following result was proved in [10] (see also [7, 8] ).
Theorem 2. Let δ > 0; N ӷ expexpexp( δ -c ), where c > 0 is an effective constant; and A ⊆ {1, 2, …, N } 2 be an arbitrary subset with a cardinality of, at least , δ N 2 .
Then A contains a corner. Below is the main result of this paper. The fundamental difference between this paper and [10] is that we now consider a new object-the socalled Bohr set. Note that today's best bound for a 3 (N) is proved using these sets (see [3] ).
2. Proof sketch. Let Q be a subset of integers. The same letter Q will denote the characteristic function of this set.
A key point in [3] was the concept of Bohr sets. Suppose that N and d are positive integers, ε > 0 is a real number, and θ = (θ 1 The first lemma we need was proved in [3] . Lemma 1. Let 0 < κ < 1 be a number and Λ θ, ε, N be a Bohr set.
Then there is a pair (ε 1 , N 1 ) with the properties such that the is regular.
Definition 3.
Let ε ∈ (0, 1] be a number and be a Bohr set, where where e(x) = e 2πix . Definition 4. Let Λ be a Bohr set, Q ⊆ Λ with |Q| = δ|Λ|, α and ε be positive numbers, and Λ' be an ε-accompanying set for Λ. Consider the set
A similar definition of (α, ε)-uniformity was given in [5] .
Let D denote the closed disk of radius 1 centered at 0 in the complex plane. For a set R, we write f: R → D if f vanishes outside R.
Denote the vectors (1, 0) and (0, -1) by e 1 and e 2 , respectively.
Let Λ 1 and Λ 2 be Bohr sets, ε > 0 be a number, and Λ' be an ε-accompanying set for Λ
Denote the set Λ' in (7) by Λ 1 (ε).
, where l ∈ Λ 1 . Consider the set The set A is said to be (α, α 1 , ε)-uniform with respect to the rectangular norm if |B| ≤ α 1 |Λ 1 |.
Our first result concerns the case where A ⊆ E 1 × E 2 is a (α, α 1 , ε)-uniform set with respect to the rectangular norm and the sets E 1 and E 2 are (α, ε)-uniform in the sense of Definition 4.
Let Λ be a Bohr set; Λ = with θ ∈ T d ; and E 1 , E 2 ⊆ Λ with |E 1 | = β 1 |Λ| and |E 2 | = β 2 |Λ|. Denote the Cartesian product E 1 × E 2 by ᏼ. 
, and E' = × :
(ii) and are (σ, ε)-uniform subsets of Λ';
Proof sketch of Theorem 3.
The following result is due to B. Green. 1 does not contain triples of the form {(k, m) ,
For convenience, Theorem 5 and Proposition 1 can be combined in a single assertion. Proposition 2. Let Λ = Λ(θ, ε 0 , N) be a Bohr set, θ ∈ T d , and s = (s 1 , s 2 ) be an integer vector. Suppose that sets E 1 and E 2 are such that E i = β i |Λ| for i = 1, 2, -----
---------------------------,
